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Dualities, informally:

Back-and-forth mappings between classes of mathematical objects
that induce systematic translations of their properties

Order theory:
simplest examples,
self-dual objects

Projective geometry: Linear algebra:

mechanic generation central to theory

of theorems of vector spaces
Logic:

generate new s&c theorems
Correspondence theory
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Dualities preserve information while reversing perspective.

Self duality is some form of symmetry.
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Projective geometry

> S

i)l

How to represent a three-dimensional space onto a plane?
Insight from perspective art: parallel lines meet at infinity.

Projective geometry formalizes this insight.
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The Duality principle

Axioms 1-5 can be formulated in a first order language with =
Variables of two-sorts: Points, Lines;
Relation symbol €C Points x Lines for incidence relation

Algorithm for dual sentences
For every sentence ¢, construct the dual ¢’ of ¢ as follows:

@ Keep the same quantification pattern and Boolean
connectives of .

@ Swap variables of sort Points and Lines.
@ Substitute > for €.

/

Fact: If ¢ is an axiom, then ¢ is a theorem.

Consequence: If ¢ is a theorem, then ¢’ is a theorem. J
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Vector spaces of finite dimension

V vector space over field K. The dual space of V' is

V* = Hom(V,K)

V* is a vector space over K: for all f,gin V*, ain K, Xin V,

(f+8)(x) = f(x) + &(X)

(af )(X) = af (X)

Canonical embedding ¥ : V — V** for all Xin V, f in V*,

(WE)(F) = F(X).

V is an isomorphism iff V is finite-dimensional.
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Dualities in Logic: a Rosetta stone

Dualities in logic typically involve classes of objects of very
different kind: J
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@ Algebras: A = (A,/); A nonempty set, | set of operations
o Operations: maps f* : A" — A (e.g. unary, binary...)
Constants: c® € A; (0-ary operations)
Homomorphisms: h: (A, 1) — (B, ') s.t:
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Then (A/=, I7) is the quotient of (A, /)
7w : (A1) — (A/=,/7) is a homomorphism

@ Subalgebra: B C A, B closed under every f2: then define
2 = fA1B.
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Algebras, subalgebras, quotient algebras

@ Algebras: A = (A,/); A nonempty set, | set of operations
o Operations: maps f* : A" — A (e.g. unary, binary...)
Constants: c® € A; (0-ary operations)
Homomorphisms: h: (A, 1) — (B, ') s.t:
VFA e l,  fB(h(a;))i = h(F2(a;);)

o Congruences: equiv rel = on A, closed under every f4 € [:

VA el aj=b; = fAa)i = FA(b);
Quotient: Given =, canonically define /=:

vih e, f=([a1],...,[ad]) = [F*(a1,- - -, an)]

Then (A/=, I7) is the quotient of (A, /)
7w : (A1) — (A/=,/7) is a homomorphism

@ Subalgebra: B C A, B closed under every f2: then define
fB = fAB. Inclusion map B — A is a homomorphism
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Evaluating modal formulas on BAOs

BAO operations interpret the logical connectives;
Proposition variables are assigned to elements of A ¢ : Var — A
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BAO operations interpret the logical connectives;
Proposition variables are assigned to elements of A ¢ : Var — A
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We showed that:
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Evaluating modal formulas on BAOs

BAO operations interpret the logical connectives;
Proposition variables are assigned to elements of A ¢ : Var — A

Satisfaction:“A, o IF p — Op”
short for /
A (-pVvop=T)[]
We showed that:
So(A = (op vV Op # T)lo])

i.e.
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Evaluating modal formulas on BAOs

BAO operations interpret the logical connectives; J

Proposition variables are assigned to elements of A ¢ : Var — A

Satisfaction:“A, o IF p — Op”
short for
A (=pVvop=T)o]

We showed that:
oA = (-p v op £ To])
i.e.

AE(p—Op=T)

Validity: in general, “A I " M
short for
Vo(A | (¢ = T)[o])
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Algebraic Soundness & Completeness for Modal Logic

Theorem: ¥ set of modal formulas. Define
Vs ={A€BAO |Vp(p e L=AFE¢e=T)}
Then for every 1,
bk iff Ve Edp=T.

Soundness: By induction on the depth of proof of 1.
Completeness: Assume ¥k s 9. To show: JA, € V& and
Jdo: Var — Ay s.t. Ay = (v # T)l[o].
The Lindenbaum-Tarski algebra is the canonical witness (for all v):
Define ¢ = ¢' iff Fx.x (¢ < ¢').

Fact 1: = is a congruence of Fm.

Fact 2: Fm/= € Vs

Fact3: ¥kxv = Fm/=Fy¢=T
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Duality-derived Soundness & Completeness

Algebraic satisfaction and validity translate across the duality: J
— T
C@ ‘3
\_/
Modal
logic
Algebraic s&c + duality =  DG-frames sé&c )
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Conclusions

@ Dualities in logic: a Rosetta stone

@ Properties of and relations between objects in one class are
systematically translated into corresponding properties of and
relations between their duals.

@ Soundness & Completeness results translate across dualities.

@ Semantic correspondence results are induced in this way
between logics of different nature.
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