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3 The completeness theorem
Our goal in this section is to prove that the next statement is true:

Theorem 2 (Completeness Theorem) Let ¢ be a formula and A a set of

formulas of some language of first order predicate logic (with identity).
If A=, then A ¢

Like in the case of propositional logic we will obtain this theorem as a corollary
of the following Henkin proposition.

Proposition 5 Let A be a consistent theory of some language L of first order
predicate logic (with identity). There exists a model M such that M = ¢ for all
p € A.

Notice that the proposition is formulated for sets of sentences, whereas the com-
pleteness theorem is about formulas (possibly containing free variables). That’s
why we have to make small detour in the proof that shows that the Henkin
proposition implies the completeness theorem.

Proof. Let AU {¢} be a set of formulas and assume that AV p. Let y1,...,y,
be the variables that occur freely somewhere in the formulas of AU{p}. Consider
a sequence of individual constants b, ..., b, that occur nowhere in the formulas
of AU {¢} and replace every variable y; by b; each time that y; occurs freely
in the formulas of A U . This yields a new set of premises A" = {¢/ | ¢/ =
... [b2/ya][b1 /Y1)t for some ¥ € A} and a new conclusion ... [by/ys][b1/y1]p. We
can be certain that A’ F/ ¢'. (It is left as an exercise to check this).

This means that A" U {—¢'} is consistent. Given the Henkin proposition it
follows that A’ U {=¢'} has a model. So there exists some M = (D, I) such that
for every assignment v



M = [be/ys][bi/yi]Y [v] for every ¢ € §, whereas M - ... [ba/ya][b1/11]e [v].
Now consider some assignment assigning to each y; the value v/(y;) = I(b;).
Repeated application of proposition 3 gives that

M E ¢ [V'] for every ¢ € A, whereas M [~ ¢ [v]. Therefore A £ ¢

Let us now concentrate on the Henkin proposition. Our task is this: given a
consistent theory A, specify some domain D and interpretation I such that
(D,I) = ¢ for all € A. One way or the other we have to read off D and
I from A, but how? In order not to complicate matters too much we will first
look at languages without function symbols and identity.

Observation: 1f Pay .. .a, € A there must be objects dy,...,d, € D such that
I(a;) = d; and such that (dy,...,d,) € I(P). Idea: Why not take for D the set
of individual constants, and stipulate that the interpretation of any individual
constant a is the constant itself: I(a) = a? For the predicates we could then in
any case state that (ai,...,a,) € I(P) if Pay...a, € A.

Problem: This gives only part of the model. We do not know yet what to do
when Pay ...a, ¢ A. We cannot just state that in that case (aq,...,a,) € I(P).
After all it is very well possible that even though Pa; ...a, € A, M | Pa; .. .a,
for every model M of A.

Observation This problem does not occur if A happens to be a mazimal
consistent set of sentences. Because for such A it holds that for every atomic
sentence if Pay...a, ¢ A, make —Pa;...a, € A. Which means that every
model M of A should render Pa; ...a, € A false.

Problem. But now suppose that A is maximal consistent and that for some
one-place predicate all sentences of the form —=Pa € A, whereas also dzPx € A.
The model we are looking for should render this sentence true. But the model
we described above does not do this.

Observation: This problem does not occur if A is not only maximal consistent
but on top of that has the property that for every sentence of the form Jxp the
following holds: if dzp € A, then [a/z]p € A for some individual constant a.

Let’s call a set of sentences with this property a Henkin theory. Can we be
certain that every maximal consistent Henkin theory has a model? Before we
prove this, we will first state a lemma.

Lemma 1 Let A be a mazimal consistent Henkin theory. The following holds:
(i) e Aiff AFq

(i) ~ € Aiffp & A

(iii) Y Nx € Aiffp € A and x € A

(iv) YV x € Aiffve AoryeA

(v) v —x€eANifftpe AoryxyeA



(vi) Yz € A iff [a/x]p € A for all individual constants a

(vit) Jzp € A iff [a/x]yp € A for some individual constant a.

Proof. We already proved (i) - (v). The proof of (vi) runs as follows.
=: Suppose that Vzi) € A. Then A F [a/z]y for all a because of the fact that
FEy is a rule in our natural deduction system. Given (i) it follows that [a/z] € A
for all individual constants a.

<: Suppose that Vo ¢ A. Then by (ii) —-Vzyp € A.

From this it follows that A F 3x—1) (exercise), which means that 3x— € A.
Since A is a Henkin theory, this means that [a/z]|—¢ = =[a/z]tp € A for some
individual constant a. Which means that [a/z]i) & A.

The proof of (vii) is left to the reader.

Proposition 6 Let A be a mazximal consistent Henkin theory in a language L
without function symbols and identity. There exists a model M = (D,I) such
that for all p € A M |= .

Proof. Let D be the set of individual constants of £, and define I by

(i) I(a) = a for all individual constats a; and

(i) I(P) = {{ay,...,a,) | Pay...a, € A}
We show by induction on the number of logical constatnts in ¢ that for every
sentence ¢

(D, I) Epiff p € A.
The following cases are to be distinguished.

- ¢ = Pay ...a, . This is trivial because we defined our model such that I(P) =
{{a1,...,a,) | Pay...a, € A}

=T p=PAX, 0=V X, =P =X
For these cases, see the the proof of the completeness theorem of propositional
logic.

- = V.
(D, I) W~ Vi iff there is some v such that (D, I) = v [v(xz/a)] for some a.
Now, proposition 3 teaches that
(D, 1) = o [o(z/a)] iff (D, I) |~ [a/x]i) [v]
The formula [a/x]¢) is a sentence, which means that
(D, 1) * la/x] [v] it (D, I) % la/x]¢)

Now, with an appeal to the induction hypothesis we can state

(D, I)  la/x]y iff [a/z]y & A



The lemma above then gives

l[a/x|y & A iff Vap & A
And so we have (D, I) [~ Vau iff Vo ¢ A.

- ¢ = V. Similarly.

We know now that every maximal consistent Henkin theory has a model. We
have to show that every consistent theory has a model. Wouldn’t it be nice
if we could prove that that every consistent theory is extendible to a maximal
consistent Henkin theory.

At a first view this may seem impossible, if inly because it is very well possible
that the language in which the theory is formulated is a language without any
individual constants, and in such a case there is f course no way to find a witness
la/x]¢ for every sentence of the form Jzp. The next definition and proposition
will make clear what our way out will be.

Definition 11 (Expansion)
Let L and L' be languages of first order predicate logic. L' is an expansion of
L iff all non-logical symbols of L are non-logical symbols of L'. L' is a simple
expansion of L iff the only difference between L' and L is that the first may have
more indiwvidual constants than the latter.

If L' is an expansion of L, and M’ = (D' I') is a model for L', then the
reduct of M’ to L is the model M = (D, I) for L defined by

(i) D' = D;

(i) for all individual a of L, I(a) = I'(a);

(iii) for all predicates P of L, [(P) = 1'(P);

() for all function symbols f of L, I(f) = I'(f).

In this case M’ is also called an expansion of M.

Proposition 7 Let L' be an expansion of L, M’ = (D', I') is a model for L,
and M the reduct M’ to L. Then for all formulas ¢ of L
M= o] iff M= (0]

The proof is trivial.

Now, let A be a consistent theory in a language £. Maybe we cannot extend
A within £ to a maximal consistent Henki theory, but why not take recourse to
a simple expansion of £ within which we can?

Lemma 2 Now, let A be a consistent theory in a language L. There exists a
simple expansion L' of L, and a theory A" in L' such that (1) A C A, (ii) A’ is
consistent, and (11i) A" is a Henkin theory.



Proof. We construct £ inductively, as follows. Let Ly = L, and take £, to be
the simple expansion of £,, that one gets by adding one new individual constant,
Ccp, to L, for every sentence of the form Jz¢ belonging to £,, but not to £,,_;.
Let C,, be the set of individual constants of £,,. £’ is the simple expansion of £
that has as its individual constants all the elements of the set

U ¢

ne IN

Now let A, be the set of all sentences 1 of L, such that ¢ = Jxp — [c,/z]p for
some sentence Jdry belonging to £,, but not to £, 1. Define A’ as the set of all
sentences of £’ that are derivable from

AU UAn
ne IN

Let’s check (i)- (iii).
(i) Obviously A C A"

(ii) Suppose A’ is inconsistent. Then there is a finite subset A” of A’ such that
A" F 1. Let k be the smallest number such that for some finite subset
I' € A and k sentences x1, ..., Xx € U,c NQn

FaXla"'?Xk}_J— (*)

For every y; there is a smallest number m such that x; is a sentence of L,,.
Let n be the maximum of these minima. Without loss of generality we may
assume that yj belongs to £,,. Given (*) we have

F7X17"'7Xk—1 + Xk

Given the choice of k, TU{x1,...,xx_1} is consistent. The sentence y; has
the form Jryp — [c,/z]p, which means that

(a) I',x1, -+, Xe—1 F Jzep, and

(b) F7X17 sy Xk—1 + _‘[Cgp/x]gﬁ

By the choice of £ and n we may assume that c, occurs nowhere in the
sentences of 'U{x1, ..., xx_1}. Given the proposition proved in Exercise 6
of section 1, this means that

Ixt, ooy Xee1 F Vo

But this contradicts (a) and the fact that I'U {x1,..., xx_1} is consistent.
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(iii) A’ is a Henkin theory. Suppose Jdxyp € A’. There is a smallest n such
that 3z is a sentence of £,,. Then Jzp — [c,/x]p € A,41, which means
that dze — [c,/x]p € A’. Given the definition of A’ it follows that
[co/x]p € A,

Question. Explain why £’ and - cannot be difined in one step. Why do we need
the inductive construction.

We do not have to prove anymore that every consistent set of sentences can be
extended to a maximal consistent set. The proof would be the same as in the
case of propositional logic.

We are now ready to prove the Henkin proposition

Proof of Proposition 5. Consider a simple expansion £’ of £ and an extension
A’ of A defined as in the proof of Lemma 2. A’ is consistent and Henkin. Con-
sider a maximal consistent extension A” of A’. Notice that A” remains a Henkin
theory. By Proposition 6 there exists a model M’ of A”. The reductreductre-
ductreduct M of M’ to L is a model of A.

It remains to extend the above to languages with function symbols and iden-
tity. It is not difficult to see that to this end the only thing we have to do is to
extend Proposition 6 to

Proposition 8 Let A be a mazximal consistent Henkin theory in a language L
of first order predicate logic with function symbols and identity. There exists a

model M = (D, I) such that for all p € A M = .

Proof: The main reason why we cannot proceed as in the proof of Proposition 6
is because it is very well possible that there are two distinct individual constants
a and b such that the sentence a = b € A. In that case a and b should refer to the
very same object in the model that we want to construct, but this will not be the
case if we define the domain D and interpretation function I the way we did in
the proof of proposition 6. A second difference with proposition 6 is that we now
also have complex terms in our languages, and these have to refer to something,
too.

We solve these problems as follows. Let © be the set of closed terms of £}
Consider the following relation on ©

tot'ifft=t €A

It is not difficult to prove that « is an equivalence relation. (Use exercise 7).
Now, define for every t € O the set [t]™ as follows

(t] ={teO|t ~t}

LA term t is closed iff no variables occur freely in ¢.



In other words, [¢]~ is the equivalence class generated by ¢ under the relation .
The domain D of the model we are constructing will have these equivalence
classes as its elements.

D={[t] [te®}
And we define the interpretation of the individual constants as follows

For every individual constant a, I(a) = [a]

Notice that this solves the problem mentioned above. If a = b € A, then a « b,
and therefore [a]” = [b] , which means that I(a) = I(b). The two constants a
and b refer to the same elemet of D.

It remains to define the interpretation of predicate and function symbols.
Thanks to the elimination rule for identity, we have

Ifty ~th,.. bty ~t,, then Pt;.. .1, € Aiff Pt .. .t € A.
Therefore we can rest assured that the following definition is okay:

I(P)={{t1] ..., [ta] )| Pts...t, € A}

For the same reason, we also have: If ¢, « t|,... ¢, «~ t t,41 ~ ¢, then
1yevesln) = lpy1 € 1 s = € A. at's w e 1ollowin
t tn) = tup1 € A f(#),... 1)) = ,,, € A. That’s why the following
definition is fine, too.

I(f) ={{[ts] - [t ] [t ) [ f(t ) =t € A}

By this the model M = (D, I) has been fixed. Before we can check whether
all ¢ € A hold in M, we first want to make sure that the interpretation [t]
of each term ¢ is the equivalence class [¢] . For individual constants this is of
course the case as we choose [a]y = I(a) = [a] . Now assume that this also
holds for t,...,t, (induction hypothesis). Then for the more complex term
f(ti,...,t,) the following holds [f(t1,....t)]m = L(f)([t1]ms .- [ta]m) =
I(H)([t1]7, ..., [tn]”). Thanks to the introduction rule for identity, f(t1, ..., t,) =
f(t1,...,tn) € A, which together with the definition of I(f) above leads to the
conclusion that I(f)([t1]7,...,[ta]”) = [f(t1,....t,)]". By induction on the
complexity of the sentence , we now prove that

for all o, (D, I) F e iff p € A

For the base case, there are two possibilties. If ¢ = Pty ...t,, we proceed as
follows.

(D,I) |= Pty ...ty iff ([t1]m,- - [tn]m) € I(P) (by semantics)
([ti]ams s [talm) € I(P) I ([t1]7, ..., [t.]") € I(P) ( see above)
([t1]",...,[ta]") € I(P) iff Pt;...t, € A (definition ).

The other possibility in the base case is that ¢ is an identity statement ¢t = ¢'.
(D, I) =t =1tiff [t]p = [t/ |m (by semantics)
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[tpm = [t M i [t] =[] (see above)
[t]” =[t'] iff t -~ ¢ (property of equivalence classes I).
t~t'iff t =t € A (definition of ).
As for the inductive step we only check the case that ¢ = Jz1).
Assume (D, I) = Jz1p. Then, by semantics,
(D, I) =1 [v(z/[t]")] for some v and t.
Given our observations above this means that
(D, 1) o [v(z/[t]m)].
By proposition 4 we can derive from this that
(D, 1) = [t/a}0 [o].
By the induction hypothesis this implies that
[t/z]y € A.
And then, thanks to the rule I3, it follows that dzvy € A.
Conversely, assume that dz¢) € A. Since A is a Henkintheory, it follows that
la/x]yp € A for some constant a. By the induction hypothesis (D, I) |= [a/z].
This being so, (D, I) = ¢ [v(x/I(a))], and so (D, I) = Jxi.

4 Beginning Model Theory
The completeness theorem has two important model theoretic corollaries.

Theorem 3 (Compactness)
Let A be some theory stated in a language of first order logic. A has a model iff
every finite subset of A has a model.

Proof. Suppose A has no model. Then A = L. By the completeness theorem
this means that A F 1. In any derivation of A from L only finitely many
premisies can be used. Therefore there is some finite subset A’ of A such that
A’ L. By applying the correctness theorem, we get A’ = L, which means that
there is some finite subset of A that has no model.

Theorem 4 (Skolem)
Every consistent theory A has a finite or countable model.

Proof. In the previous chapter we gave a recipe how to build for any consistent
theory a model. Given the way it is constructed the resulting model will always
have at most countably many elements. (The number of elements in the domain
is smaller than or equal to the number of terms of the language. The language will
have at most countably many terms, because the number of individual constants
will be countable, even though in expanding the language we may have added
countably constants a countably number of times).

To those of you who are acquainted with for example Zermelo-Fraenkel set theory
(ZF), Skolem’s theorem may come a surprise. ZF is an axiomatization of set
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theory stated in a first -order language. In ZF one can prove that there are
uncountably many sets. One would think that this implies that the domain of
any model of ZF will have uncountably many elements. But no, according to
Skolem’s theorem some models of ZF will have countably many elements. This
consideration is known as Skolem’s Paradozr. One might be tempted to conclude
that ZF, and any other first order theory in which one can prove that there are
uncountably many objects is bound to be inconsistent. Fortunately the paradox
is only apparant. The only conclusion one can draw from it is that no first order
theory can express the notion ‘uncountable’. What is called “uncountable” in the
object language, can from the outside be so interpreted that something countable
— “countable” in the metalanguage — stands for it.

The languages of first order logic lack expressive power. This appears from
the above, and it also appears from the next application of the Compactness
theorem.

Proposition 9 There is no first order theory A for which the following holds:
M is a model of A iff the domain of M is finite.

Of course there are theories that enforce for any particular natural number n,
that all models of the theory will have at least (and/or at most) n elements, but
there is no way to say that any model with just an unspecified ‘finite number’ of
elements will do.

Proof. Assume there is such a theory A and consider the theory A’ consisting
of the following infinite sequence s, @3, ... of sentences:

2 = FrIy(z # y)

w3 = JrFyFu(z Ay ANz #£uNy#u)

w4 =JxIyFuv(x YNz FuhNz#vANy#uAy#vAu#v)

Notice that ¢, states that there are at least n objects. Furthermore we have

(i) every finite subset of AU A’ has a model. Proof: consider any finite subset
A" C AUA'. There are only finitely many sentences of A" in A”. Let i be
the largest number such that p; € A”. There a exists a model of A with at
least ¢ elements. That model is also a model of A”.

(ii) From (i) it follows by the compactness theorem that A U A’ has a model.

(iii) But that’s impossible. Because this model should on the one hand, as a
model of A, have a finite domain, and on the other hand, as a model of A/,
have an infinite domain (Why?). Contradiction.



Definition 12 Let L be a language of first order predicate logic, and M = (D.I)
and M' = (D', I') be two models for L.

(i) M is elementary equivalent to M’, iff for every sentence ¢ of L, M |= ¢
iff M= .

(i) M is isomorphic to M’ iff there exists a bijection h form D onto D' such
that

(a) for all predicates P, (dy,...,d,) € I(P) iff (h(dy),...,h(d,)) € I'(P)

(b) for all function symbols f, I(f)(dy,...,dn) = dpy1 iff I'(f)(R(d)1, ..., h(d,)) =
h(dps1).

(¢) for all individual constants a, I'(a) = h(I(a)).
h is called an isomorphism between M and M’'.

When M is isomorphic to M’ we will write M = M’. The intuitive idea
behind the definition above is this. Sometimes two models a so similar that the
one can be considered a copy of the other, which is obtained by replacing each
object of the domain of one of the models by another object, thereby keeping
the the same structure. Therefore it comes as no surprise that the following
proposition holds.

Proposition 10 Let h be an isomorphism between M and M'. Let v be an
assignment for the variables into D, and choose the assignment v’ for the variables
into D' such that for all vaiables z, v'(x) = h(v(zx)). Then

1]/

(i) for every term t, h([t] ) = [t]\0

(i1) for every formula ¢, M = ¢ [v] iff M' = ¢ [V']

When M is elementary equivalent to M’, we will write M = M'. In ele-
mentary equivalent models the same sentences are true, which means that the
models are highly similar, or at least that the differences cannot be expressed in
the object language L.

Corollary 1 If M = M, then M = M'.

It is hardly an exaggeration to say that model theory owes its existence to the fact
that the converse of the above statement does not hold. Elementary equivalent
models need not be isomorphic.

Recall the notion of a (syntactically) complete theory, and note that the fol-
lowing two statements are equivalent:

e The theory A is complete.
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e All models of A are elementary equivalent.

Recall the theory of dense linear order without endpoints. We will prove that
this theory is complete. The following theorem from set theory is part of the
proof.

Theorem 5 (Cantor) If (T, R) and (T",R') are structures with the following
properties:

(1) T en T' are both countably infinite.
(ii)) R en R’ are both dense linear orderings without endpoints.

then there exists a bijection f from T ontoT’ such that for allt,t' € T, (t,t') € R
iff (1), £(£) € R

Proof: 7 is countable; let tg,t1,19,... be an enumeration of the elements of 7.
Similarly, let ¢(,¢],t5, ... be an enumeration of the elements of 7".

Using the so-called zig-zag method, we will now first define a sequence of
functions fy, fi1, f2, f3, ... with the following properties:

(i) fu C fny1 for every n € IN.

(ii) For every n € IN it holds that f, is an isomorphism from n + 1 elements of
7T onto n + 1 elements of 7".

(iii) f = U,c I fn is the function we are looking for.

Here we go. fp is determined as follows: the domain of fy is {to} and fo(to) = {t,}-
Assume that fy, f1, f2, f3, .. ., fr are all defined and that the properties i) and (ii)
hold for all n < k. Then fi; is is determined as follows:

1. If k+1 is an even number
Let ¢; be the first element in the enumeration tg,%,... of 7 such that
t; ¢ dom(fr). The following possibilities occur:

(a) (t;,t,) € R for every t,, in the domain dom(fy) of f.
Consider the structure (dom( fi),RI dom(fx)). This structure is a finite
linear ordering; therefore it will have precisely one minimal element —
say t,. Assume that fi.(f,,) = t;. Notice that ¢} is the minimal element
of the structure (ran(fx),R’'l ran(fx)), where ran(fy) is the range of

f(k). Let t; be the first element in the enumeration t{,t,... such
that (t},7;) € R'. There must be such an element because R’ has no

endpoints. Choose fx11 = fi U {{t;,t;)}. Notice that the properties (i)
and (ii) hold for every n < k + 1.
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(b) (ta,t;) € R for every t, € dom(fy).
The proof is analogous. Consider the maximum ¢,, of the structure
(dom(fy), R | dom(fy)). Assume fi(t,) = t}. Let t] be the first element
in the enumeration of 7" such that (¢},#) € R. Choose fyy1 = fi U
{(t: 1) }-

(¢) (tn,ti) € R for some t, € dom(fy) and (t;,t,) € R for some t, €
dom( f.).
Let A be the set {t, € dom(fi) | (tn,t;) € R} and B the set {t, €
dom(fy) | (ti,tn) € R}. The structure (A, R | A) has a maximal
element, say t,,. The structure (B, R | B) has a minimal element, say
t;. Assume that fi(t,,) = t’ and fr(t;) = t,. Since (t,,,t;) € R and
(ti, 1) € R, also (t;,t;) € R, . Moreover, there is no t,, € dom( fx) such
that (f,,,t,) € R and (t,,t;) € R. This implies that (t,#,) € R'. and
that there is no t/, € ran(fy) such that (t’,t/) € R and (t/,t,) € R'.

7 tn
Now, let ¢} be the first element in the enumeration of 7" such that
(ti, 1) € R" and (t},t},) € R'. There must be such an element because
R’ is dense. Choose fri1 = fr U{(t;,t;)}. Notice that the properties
(i) and (ii) now hold for every n < k + 1.

(d) There are no other possibilties

2. If k+1 is an odd number
Let t; be the first element in the enumeration of 7" such that t; & ran(fy).
The following possibilities obtain:
(a) (ti,t!) € R for every t!, € ran(f).
Consider the minimal element — say t/ — of the structure (ran(fy), R’
' ran(fi)). Suppose that fi(t,) = t;. Let t; be the first element in the
enumeration of 7 such that (¢;,¢;) € R. Choose fi11 = fi U {({t;,t])}.

(b) (t!,t) € R for every t! € ran(f).

Analogously.
(c) (t.,t}) € R for some ¢! € ran(f) and (t;,t,) € R’ for some ¢/, €

ran(fy). Left to the reader.

(d) There are no other possibilities.

Now, consider f = |J, N fn- We will show that dom(f) = 7 and ran(f) = 7"
Suppose for contradiction that dom(f) # 7. Let t; be the first element in the
enumeration of 7 such that t; ¢ dom(f). And let k be the smallest number such
that t; € dom(fy) for all j < i. Then t; € dom(fy12). That ran(f) = 7" is shown
in the same way. It is also clear that f is an injection (Proof left to the reader).

Finally, for all ¢;,¢; € 7T it holds that (t;,¢;) € R iff (f(t), f(t;)) € R
Suppose that (t;,t;) € R; let k be the smallest number such that t;,t; € dom(f).
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Clearly, (fx(t:), fr(t;)) € R'; since fi, C f, also (f(t:), f(t;)) € R'. The converse

can be proved in the same manner.
Theorem 6 O is complete.

Proof: Assume O is not complete. Then there is a sentence ¢ such that neither
¢ nor —p is derivable from ©. In that case both the theory © U {—¢} and the
theory © U {¢} have a model.

The theory © has only infinite models. Therefore the theory © U{¢} has only

infinite models. Given Skolem’s theorem there exists a countable model (7, R)
of © U {p}. For the same reasons there exists a countable model (7', R’) of
O U {~¢}.
(T,R) and (7', R') are both countable structures with a dense linear ordering
without endpoints. From the previous theorem it follows that (7, R) and (7', R')
are isomorphic. This being so, it holds for all sentences ¥ of our first order
language that if ¢ is true in (7, R) desda 1 is also true in (7', R’), contradicting
our earlier statement that ¢ is true in (7,R) and -y is true in (7', R’).

Now consider the following two models of the theory of dense linear orderings
without endpoints:

1. The model (D, I) with D = @, the set of rational numbers, and I(R) the
‘smaller than’ relation between rational numbers.

2. The model (D', I') with D’ = R, the set of real numbers, and I'(R) the
‘smaller than’ relation between real numbers.

Theorem 6 says that (D, I) = (D’,I'). On the other hand it is not the case
that (D, I) = (D', I'), because there is no bijenction between the (countable) set
of rational numbers Q and (uncountable) set of reals R.

The above shows that two models can be elementary equivalent without being
isomorphic. But the models figuring in the example have domains with different
cardinality. The next example shows that there are also elemenrary equivalent
models of the same cardinality that are not isomorphic.

Consider the so-called standard model of arithmetic, which is the model N =
(D, I) for the language of arithmetic with D = N and with the successor function
as interpretation 7(S) of the S-operator, addition as interpretation I(+) of the
operator +, multiplication for I(x), and the number 0 as 7(0). Let A = {¢p |
N |= ¢}. Notice that A is complete — a maximal consistent extension of Peano
Arithmetic to be precise. Therefore all models of A are elementary equivalent.
We will now construct a model for A that is not isomorphic with A'. Add one
new individual constant ¢ to the language of arithmetic, and extend A with the
next infinite sequence of sentences:

c#0,c# S(0),¢ £ S(S(0)), ¢ £ S(S(S(0))), ...
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Every finite subset A” of A’ has a model. After all, given such a finite subset
A" there is bound to be a largest number k such that

c# S(S(...(0).) e A"
kx

By interpreting ¢ as the number k + 1 (or larger) we expand the standard model
N to a model that renders all sentences in I" true.

By compactness, A’ has a model, and by Skolem’s theorem it must have a
countable model. This model cannot be isomorphic with A because I(c¢) must
be different from 0 and all successors of 0, and in N there are no such objects.

5 The theory of definitions

Let X be a set of sentences of a first-order language £ with equality. We want to
add a new n-place predicate symbol P to £, and we do so by adding a sentence
€ of the form

Vay .. Vo, (Pry...x, < @)

to X. Here ¢ can be any formula in which P does not occur, and in which at
most the variables x1,...,z, occur free.

A sentence € with these properties is called an explicit definition of P.

The next proposition explains why such sentences are rightly called defini-
tions.

Proposition 11 (i) Let € be defined as above. The sentence € allows elimina-
tion of P. That is, for every formula x in which P occurs there exists a
formula ' in which P does not occur such that

SU{e} Ex e X

(i) The sentence € is not creative. That is: for every x in which P does not
occur it holds that

If Y U{e} E x, then ¥ | x
Proof.

(i) This is shown by induction on the complexity of xy. The only non trivial
case is the base case, when y = Pty ...t,. We cannot choose x’ to be simply
[t1/21] ... [tn/xn]p because some of the variables occuring in 4, . . . , ¢, might
get bound by quantifiers occurring in ¢. Therefore we proceed more care-
fully as follows. Let yy,...,y, be variables not occurring in ¢ or tq,...,t,.
Choose X’ to be the formula

Fyp - Ay ([yr/xa] - yn/Ta]lo Atr =1 Aoty = yn)

14



Clearly
SU{etE Pty ... t, <Y

(ii) Assume P does not occur in x, and X U {e} = x. Suppose X F~ x. Then
there exists a model M = (D, I) for the language in which ¥ is stated such
that M = 9 for all ¢p € ¥ and M [~ x. Now, expand M to a model
M’ = (D, I') for the full language as follows:

(dy,...,d,) € I'(P) if M E ¢ [v(x1/dy)...(xn/d,)] Clearly, M’ |= 4 for
all v € ¥ and M |= e. Hence we should have M’ |= x. Contradiction.

The next proposition says that all sentences one might want to call definitions
can be written as explicit definitions.

Proposition 12 Consider any sentence 0 in which the predicate P occurs, and
which allows elimination of P and is not creative. There exists an explicit defi-
nition € of P such that

YEJoe

Proof. Since 9 allows elimination there must exist a formula ¢ such that

SU{S} EPxy...x = 0 (%)

Let € be the sentence Vx; ...Vz,(Pz; ...z, < ¢). We will show that ¥ =6 < e.

That ¥ = 0 — € follows almost immediately from (*). To prove that ¥ =
€ — 0, note that € is an explicit definition and therefore allows elimination. That
is to say that one can find for § a sentence ¢’ in which P does not occur such that

SUfed a0 (7)

From this it follows that 3 =€ — (§ — ¢’). We already know that ¥ = 6 — ¢,
and by combining these two things we get ¥ = 0 — (0 — ¢’), and thus that
Y U{0} = ¢'. P does not occur in ¢’, ¢ is not crative, hence ¥ |= ¢'.

(**) also implies that ¥ = ¢’ — (¢ — §), and combining this with the last
statement we get X =€ — 6.

In the next exercise we look at the problem of definitions from the opposite
perspective. Suppose we have a theory Y stated in a language L. Is the vocab-
ulary as economical as possible? Or are there any predicates we can eliminate
from the theory?

Exercise 15 Let L be a first-order language without function symbols, and P an
n-place predicate. An explicit definition of P is a sentence of the form

Vay .. Ve, (P(xy,...,x,) < @)
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Here, ¢ can be any formula in which P does not occur, and in which at most the
variables 1, . .., x, occur free.

Now, let 32 be a theory of L. By definition, a predicate P is eliminable from
Y iff there exists an explicit definition € of P such that ¥ |= €.

Assume that P is eliminable from X by the explicit definition €.
Consider X' given by

¥ = {p | P does not occur in ¢, and X | ¢} U {e}
Show that for all ¥, ¥ =1 iff ¥ = 1.

In 1901, the italian logician Alessandro Padoa published a method by which
one can show that a predicate P is not eliminable from a theory 3. To this end it
is sufficient to define two models M = (D, I) and M’ = (D', I') such that both
M and M’ are models of ¥, and (a) D = D’; (b) for all symbols ¢ # P, I(0) =
I'(o); but (c) I(P) # I'(P). Obviously, if there are two such models, it will be
impossible for there to be a an explicit definition € =V, ... Va,(Pzy ...z, < ¢)
such that ¥ = e.

Here is an example.

Exercise 16

Let 33 consist of the following sentences:
VaVyVz((Rxy A Ryz) — Rxz)
VaVyVz((Ezy A Eyz) — FExz)
Ve Rzxx
VaVy((Rxy V Ryx) — —~Ezy)
VaVy((Rxy V Ryx) V Exy)

(Read ‘Rxy’ as ‘z is prefered to y’, and ‘Fxy’ as ‘¢ and y are equally prefered’ )
(i) Show that E is eliminable from X.

(ii) Show that R is not eliminable from X.

The reminder of this chapter is devoted to a proof of Beth’s theorem which
says that if a predicate is not eliminable, one can always show this using Padoa’s
method.

It will take some time before we are ready for the proof of this theorem. It
will follow from another important theorem.

Definition 13 Let A; be a theory stated in the language L1 and Ay be a theory

stated in the language Lo. Let Ly be the language given by the vocabulary common
to L1 and Ly. A sentence 6 of Ly separates Ay and Ay iff Ay = 0 and Ay = 6.

A; and Ay are inseperable iff no sentence separates them.
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If the union of two theories is consistent, then they are inseparable, of course.
The converse is also true, and follows from the next theorem.

Theorem 7 (Craig Interpolation Theorem) Let L be a first order language with
identity. Let ¢ and v be sentences of L such that ¢ = 1. Then there exists a
sentence 0 such that

(i) o0 and 6 = ¢

(i1) Ewvery predicate, function symbol, or individual constant (excluding identity)
occurring i 0 occurs in both ¢ and 1.

The sentence 6 is called and interpolant for ¢ and 1. The identity sign is
allowed to occur in  even in cases in which it does not occur in both ¢ and .
Here are some examples showing why this is necessary.

(a) ¢ = Pa A —=Pa, ) = JzQx
(b) ¢ =VaVy(x =y), v = VaVy(Px — Px)

Let’s now turn to the proof of the theorem.

Proof. Suppose there is no interpolant for ¢ and ). We will construct a model
of ¢ A =), thus showing that ¢ [~ 1.

Notice first that we may assume that {¢} and {—¢} are consistent. If {¢}
were inconsistent Va(z # x) would be an interpolant for ¢ and 1, and {—} were
inconsistent Vo (x = x) would be an interpolant, and we are assuming there is
none.

We wil construct a model for ¢ A =) by intertwining the Henkin models for
{o} and {-v}.

Let £, be the language of the symbols occurring in ¢, Lo be the the language
of the symbols occurring in 1, and L, be the language of the symbols occurring
in both. Add the same countable set of individual constants to the symbols of
each of the languages L, Ly, L1, and L, to obtain the languages L', L'y, L', and
E,Q.

The theories {¢} and {—} are theories of £y, and L'5. L'y is the language
given by the vocabulary common to £’y and £’s.

The first thing we will show is that no sentence 6 of L'y separates {¢} and
{—}. Suppose, for contradiction, that 6 does. Then ¢ = 0, and —¢ = —0,
or 0 = 1. Let ¢i,...,¢, be the ‘new’ individual constants occurring in 6.
Let y1,...,y, be variables not occurring in ¢ or ¥. Given that ci,...,¢, do
not occur in ¢, the above gives that ¢ = Vy;...Vyu[vi/c1]. .. [yn/cn]d, and
Vyi ... Yyulya/c1] .- [yn/cn)f = . But that makes Yy ... Vy,|yi/c1]. .. [yn/cn0
an interpolant for ¢ and 1. Contradiction.

Now let
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©0, P1, P2, - - -
and

Yo, Y1, Yo, - - -

be enumerations of the sentences of £'; and L’y respectively. Using these enu-
merations one can define two increasing sequences of theories,

{p} =Py C P, C Py, C ...
and

{0} =¥, CV, C¥, C...
where all ®; are stated in £’y and all ¥; are stated in £’y such that the following
holds

(i) For all n, ®, and W, are inseparable.

(ii) For all n, if &, U{¢p,} and ¥,, are inseparable, then ¢, € &, 1.
For all n, if U,, U{¢,} and ®,,; are inseparable, then 1, € U, ;.

(iii) For all n, if ,, = Jxx and ¢, € @, 1, then [c/x]y € D,41 for some ‘new’ c.
For all n, if ¢, = Jzx and v, € ¥,,41, then [¢/x]x € U, 41 for some ‘new’ c.

Now set

o= ) o andv =] U,
nelN nelN

Then ® and ¥ are inseparable. It follows that ® is consistent and W is
consistent. Our goal is to show that & U U is consistent.

To this end, note first that ® is a maximal consistent theory in £';. Suppose,
for contradiction, that neither ¢, € ® nor -, € . Then ®,, U{¢,} is separable
from W¥,,, which means that there exists a # in £’ such that

D, ¢ |= 0 whereas U, |= -6
As a consequence

® = ¢ — 0 whereas U = —0
By the same argument we find there must be a 6" in £’ such that
¢ | —p — 6 whereas ¥ = -6’
But then we have
¢ =0V 0 whereas ¥ = —(0V 0)

which contradicts the inseparabilty of ® and W.
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So, ¢ is maximal consistent. A similar argument shows that ¥ is maximal
consistent.

Next we show that ® N W is a maximal consistent theory in £'y. To prove
this let x be a sentence of £L'y. By the above either y € ® or =y € ®, and either
X € ¥ or -y € V. By inseparability we cannot have y € ® and -y € ¥, or
—x € ® and x € V. Therefore either y € PNV or -y € PN V.

With the proof of the completeness theorem in mind we know that we can
construct models M; and M, for & and ¥ respectively, built on the set of ‘new’
constants. Given the fact that & N ¥ is a maximal consistent theory in £y, the
L'o-reducts of these models coincide. In fact we have here one £ model M for
® UV with a £y restriction M which is a model for ®, and a L'5 restriction
which is a model for W. In this model ¢ is true and v is false.

Theorem 8 (Beth’s definability theorem) Let 3 be a theory. Suppose there are
no two models M = (D,I) and M’ = (D' I') such that both M and M’ are
models of ¥, and (a) D = D’'; (b) for all symbols o # P, I(c) = I'(c); but (c)
I(P)#£I'(P).

Then there exists an explicit definition € = Vxy ...V, (Pzy...x, < @) such

that ¥ = €.

Proof.
Let X' be just like 3 except that the predicate P is replaced by P’. Note that
it follows from the premises that

YUY EVry .. Vo,(Pry...x, < Pz xy)
Add new constants ¢y, ..., c, to the language. Then
YUY |EPey...cy — Pley...cy,

By the compactness theorem, there exist finite subsets A C ¥ and A’ C Y
such that

AUA"E Pcy...cp— Pley...cy

Let A” be just like A’ except that the predicate P’ is everywhere replaced by
P. Take the conjunction ¢(P) of all formulas in A U A” and also the formula
©(P’) that results when P’ is substituted for P everywhere in ¢(P). Notice that

o(PYN@(P')E Pcy...cp — Pley...cy

We can rearrange this in such a way that all predicates P appear on the one
side and all predicates P’ on the other

©(P)ANPcy...c, E(P)— Pley...c,
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Now apply Craig’s interpolation theorem to find a sentence 6 in which neither
P nor P’ occur such that

O(P)ANPcy...c, E0 ()
and
0= o(P)— Plc...c,
Given that P’ does not occur in € we will also have
0= p(P)— Pcy...c, ()
Combining (*) and (**), we get
o(P)E Pey...c, <0

Recall that ¢(P) is built from 3, so ¢, . .., ¢, do not occur in ¢(P). Therefore
we will have, for variables z1, ..., x, not occurring in 6,

o(P) EVzy .. Vr,(Pry...x, < [11/c1] ... [20/C0]0)

Hence
Y EVry .. Vo, (Pry...xy < (21 /c1] .. s/ e)0)

QED.

20



